The extended nonholonomic double integrator (ENDI) cannot be asymptotically stabilized by a continuous and time-invariant feedback controller since it violates the Brockett's condition. In this paper, a new continuous control scheme is proposed to stabilize the ENDI system without drift. The dynamics of an ENDI system is enlarged to a higher dimensional space where a continuous but time-varying control law is designed for its stabilization. Besides the theoretical proofs, simulations conducted on the dynamics of a mobile robot are also presented to demonstrate the validity and performance of the proposed method.
Introduction
For an under-actuated vehicle or a vehicle suffering from nonholonomic constraints, its point stabilization control (PSC) will become particularly challenging due to the existence of either under-actuated dynamics or the second-order constraints. Since Brockett proved that a nonholonomic integrator system cannot be stabilized by continuously differentiable or time invariant state feedback control laws [1] , a large number of approaches have been proposed to overcome the limitations imposed by Brockett's result and stabilize it to the equilibrium points. Among the proposed solutions are smooth time-varying controllers [2] , sinusoidal excitation [3] , discontinuous or piecewise smooth control laws [5] , and hybrid controllers [6] , and also [2, 4] including comprehensive survey of the relative field. Special attention is being paid to the continuous control schemes, which in some cases can overcome the complexity and performance degradation, such as low rates of convergence and oscillating trajectories, due to the discontinuous control algorithms.
In this paper, a continuous control scheme is proposed to stabilize the so-called extended nonholonomic double integrator (ENDI) with drift. The dynamics of an ENDI system is enlarged to a higher dimensional space where a simple continuous but time-varying control law is designed to stabilize the system.
Problem Statement
The so called nonholonomic integrator can be described as, x u
x u
∈ is the state vector and
∈ is a two-dimensional input. It has been shown that the kinematics of a nonholonomic system with three states and two inputs can be converted to the form of Eq.(1) by a local coordinate transformation. Eq.(1) presents all the basic properties of nonholonomic systems and is often quoted in literatures as a benchmark for control design.
The nonholonomic integrator model fails to capture the case where both the kinematics and dynamics of a wheeled robot must be taken into account. To tackle this realistic case, the nonholonomic integrator model must be extended, where it is shown that the dynamic equations of motion of a mobile robot can be transformed into the system x u
∈ is the state vector. In this paper, system (2) will be referred to as the extended nonholonomic double integrator (ENDI) and will be used as a prototype system in the development that follows. We assume the space of all configurations of the ENDI system (2) to be n dimensional manifold M and the dynamics of the system described by the vector fields on this manifold. Further we define 1 2 , ξ ζ as virtual inputs, and then the system can be transformed as:
The control problem to be solved is: to find a continuous control that can stabilize the system.
Controller Design
In this subsection, we design a continuous controller for the system of Eq. which can be exponentially stabilized to zero.
With respect to the state x 3 , we define a submanifold {S r },
where θ∈R is an added dimension to Eq.(4). If we further let
then the third state of Eq.(4) becomes 2 3 3 ( ) x t r x = − (7) Eq. (7) indicates that x 3 can be exponentially stabilized to zero. Thus, in the extended space of 1 2 3 ( , , , )
x x x θ , we have identified a submanifold {S r }, on which the three states of 1 2 3 ( , , )
x x x can be stabilized. Thus, we have the following lemma, Lemma I (see [7] for the proof) :Let R ∈ θ , and 
is asymptotically stable. We have shown that the system of (4) can be stabilized to zero point by properly designing the virtual input of ξ 1 and ξ 2 . In this paper, we propose to use backstepping technique to deal with the continuous stabilization problem of system (3) -(4), and we have the following theorem, Theorem I
The existence of continuous stable controller of system (4) is equivalent to the continuous stabilizability of system (3)-(4). Proof of Theorem, Firstly, the system (3)-(4) can be rewritten as,
The existence of continuous stable controller of system (4) means that there exist a continous function (time varying or time invarying) φ(x,t) (φ(0,t)=0) such that the closed loop is stable near the zero point, i.e.,
is stable. Thus, from converse Lyapunov theorem we can always find a Lyapunov function V(x,t) of (12). Subsequently, system (10) can be rewritten as, 
It is clear that the first two parts of equation (16) can be proved to be negative definite since V(x,t) is a Lypaunov function of system (12). Thus, by defining ( , ) ( )
where Q is a positive definite constant matrix. System (13) can be ensured to be stable, i.e., system (3)-(4) without drift is continuous stabilizable.
Simulations
In this section, we use the mobile robot as an example, to demonstrate how to transform the dynamics of an under-actuated nonholonomic vehicle to the form of ENDI, and present the simulation results while the proposed control algorithm is applied to stabilize the a mobile robot.
A. Dynamics of the mobile robot
The kinematics and dynamics of the mobile robot are modeled by the equations cos sin the system can be transformed as the ENDI system .
In the simulations, we use the following controller gains 1 1 k = , 2 1 k = , and the initial state ( ) ( ) , , , , , 9.2, 2.7, / 3, 0,0,0 x y u v r ϕ π = . Fig.1 shows the trace of a surface vessel controlled from initial state to the origin. Fig. 2 shows the pushing force F and the steering torque N .
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Conclusions
In this paper, a continuous but time-varying controller is designed to stabilize the extended nonholonomic double integrator (ENDI) system. It is well known that the original ENDI system cannot be asymptotically stabilized using time-invariant continuous feedback controller. In the proposed method, the original ENDI system is enlarged to a higher dimensional space by some transformation, and a continuous controller can be obtained within the extended space. Both theoretical analyses and simulations demonstrate the validity and performance of the proposed method. 
